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We discuss physical spectra and correlation functions of topological minimal 
models coupled to topological gravity. We first study the BRST formalism of these 
theories and show that their BRST operator Q = Q s + Q v can be brought to Q s by 
a certain homotopy operator U, UQU^ 1 = Q s (Q s and Q v are the N = 2 and dif- 
feomorphism BRST operators, respectively). The reparametrization (anti)-ghost b 
mixes with the supercharge operator G under this transformation. Existence of this 
transformation enables us to use matter fields to represent cohomology classes of 
the operator Q. We explicitly construct gravitational descendants and show that 
they generate the higher-order KdV flows. We also evaluate genus-zero correla- 
tion functions and rederive basic recursion relations of two-dimensional topological 
gravity. 
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In this article we will discuss physical spectra and correlation functions of 
topological minimal models coupled to topological gravity. We first study the 
BRST formalism of these theories [1,2] and show that their total BRST operator 
Q = Qs + Qv (Qs and Q v are the N = 2 and diffeomorphism BRST operator, 
respectively) can be brought to Q s by a certain similarity transformation U, U (Q s + 
Qv)U~ l = Q s . This shows that Q s and Q = Q s + Q v have the same spectra and 
the chiral primary fields of the matter sector remain physical observables after 
coupling to gravity. In the "matter picture" defined by a rotation by the operator 
U, the reparametrization (anti-)ghost field b is replaced by UbU^ 1 = b + G where 
G is the supercharge operator. Thus the equivariance condition of the closed string 
theory 6q |phys) = now reads (6q + Gq )|phys) = 0. Therefore some of the BRST 
exact states in the matter theory Q S \A) no longer decouple when (6q +Gq )|A) ^ 
and will describe gravitational descendant states. 

Inspired by the recent work of Losev [3] (for related works, see [4], [5]) we 
explicitly construct gravitational descendants using the Landau- Ginzburg descrip- 
tion and show that they precisely generate the higher-order flows of KdV hierarchy. 
We also explicitly evaluate genus zero correlation functions and rederive the basic 
recursion relations of two-dimensional topological gravity. 

Let us first recall the BRST machinery for the topological gravity theory de- 
veloped in refs.[l,2]. One first introduces the topological N = 2 algebra generated 
by the stress tensor T{, supercharge operators G*, G{ and the U(l) current J% for 
each matter, Liouville and ghost sector (i = m,L,gh, respectively). The integral 
of G* is regarded as the BRST operator and one has 

Ti(w) = [fdzG*(z), Gi(w)}, i — m, L, gh. (1) 
The central charge of each sector vanishes separately. Then the total stress tensor 
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T, BRST operator Q s and the supercharge operator are defined by 

T — T m + Tl + T gh , 

Qs= <fG* m + G* L + G* gh , (2) 
G = G m + Gl + G g h ■ 
T, G*, G for the ghost fields are given by 

T gh = -2b ■ dc - db ■ c - 2(3 ■ <9 7 - d[3 ■ 7 

Ggh = ^ (3) 

G gh = -c ■ 8(3 - 2dc ■ (3 . 
In the formulation of ref.[l] the Liouville sector is described in terms of free fields 

0, 7T, X, 

T L = dTrd(f) - d 2 7r + d X dip 

G* L = dir ■ i( + dip (4) 

Gl = -<9x<90 + d 2 x ■ 
The BRST operator Q v for the diffeomorphism invariance is defined by 



Q v = <P c(z)T(z)dz - <p 1 (z)G(z)dz. (5) 

where 



T = T m + T L + -T gh , 
G = G m + Gl + T;G g h- 



(6) 



It is easy to show that 



and hence 



Q 2 s = Ql = {Qs, Qv} = (7) 



Q = Qs + Qv (8) 

is nilpotent Q 2 = 0. The above construction of the BRST operators follows natu- 
rally from a constrained N = 2 supergravity theory on the Riemann surface [6]. 



Let us now introduce the following operator 

U = exp[- j c(z)G(z)dz] . (9) 



After some simple algebra one finds 



[j> c(z)G(z)dz, Q s ] = Q v 
[j c(z)G(z)dz, Q v ] = 0. 



Hence 



We also note 



(10) 



UiQs + Q^U- 1 = Q S . (11) 



(12) 



UbU- 1 = b + G 
UGU- 1 = G, UclJ- 1 = c 
UI3U- 1 = (3, U-fU' 1 =1 -cdc 
U-iqU" 1 = 70 

where 70 is the basic BRST invariant of the Liouville-ghost sector 



70 = U{Qs, dc + cd(f>} - c.c.) . (13) 



The stress-tensor itself is invariant under transformation 

UTU -\ = T _ ^ 14 ^ 

Let us call the states obtained after the rotation by U as those of the "matter 
picture" 

|states) m = C/|states), (15) 
where | states) are in the original picture. The physical state condition in the matter 



picture is given by 

Q s |state) m = 0, (16) 

and 

(&o + Go)~|state) m = • ( 17 ) 

(17) corresponds to the standard semi-relative cohomology condition (&o — ^o)| state) = 
6q I state) = 0. (16) shows that the N = 2 chiral primary fields in the matter sector 
Q s |chiral) m = remain physical after coupling to gravity <5(C/ _1 |chiral) m ) = 0, 
provided (bo + Go)~|chiral) m = 0. U^ 1 generates certain shifts in the opera- 
tors which appear in the chiral field. Furthermore some of the BRST-exact states 
|state) m = Q s \A) rn become non-trivial after coupling to gravity if (bo+Go)~\A) m ^ 
0. These are the gravitational descendant states. Transformation of the BRST 
operator and shifts in the fields are reminiscent of a similar construction which 
appeared in the study of the two-dimensional black hole [7], [8]. 

In order to describe the matter sector of the theory we use the formalism of 
the topological Landau- Ginzburg (LG) theory [9] which seems particularly suited 
to the discussion of gravitational descendant fields. Let us consider the A-type 
minimal model at level k. The (perturbed) superpotential is given by [10] 



k 

W(x, to, • • • , t k ) = 7-^ fc+2 + (18) 



k + 2 

i=0 



Perturbation parameters to, • • • ,tk are chosen to be the flat coordinates [11,12] of 
the space of deformations of the superpotential. They are coupled to the primary 
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fields as 



(f>i(x,t) = -^W(x,t) 



( 



= det 



x 

t k X 

tk-1 tk 



1 



X 



0\ 






(19) 



\t k -i+2 tk-i+3 ■■■ tk Xj 

= x l + lower order terms . 

The explicit form of the superpotential is obtained by integrating <pk+i — d x W(x). 
gi(t) (i = 1,2, •••,k) does not depend on to while go(t) has a form go = to + 
9o(ti, t2, ■ ■ ■ , tk)- The metric on the deformation space given by 



Vij = {<t>i<i>3 



4>i(x,t)(t)j(x,t) 

dx d x W( X ,t) =s '»* 



(20) 



is independent of the parameters t£. The fusion coefficient is defined as usual 
by 



Cij£ = (<fri<frj<j)£) ■ 



(21) 



Let us next introduce the (k + 2)-th root of the superpotential [10] 



W 



k + 2 



-L k + 2 . 



(22) 



Then the primary field (19) is also expressed as 



[L i d x L]+ , i = 0, k, 



(23) 



where [L l d x L} + means taking the non-negative powers of the Laurent series L l d x L. 
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One can check that (23) reproduces (20) 

f> ^l^k^Mk = j dxL ^-K-i dxL = 5i+ . k (24) 

where the residue is taken at oo. We note an important relation 

A^. = ^-[Vd x L\ + = d x [L i -^-L]+ 
dtj dtj [ J+ 1 dtj J+ 

Here the prime means the derivative with respect to x. Following Losev [3] we 
introduce the notation 

= <*,*,). (26) 

The operation [ /W'}' + originally appeared in the work of K. Saito in his study of 
singularity theory [13]. When the system is coupled to gravity (20) is replaced by 

mj = (MjP) (27) 

with P being the puncture operator (we consider correlation functions on the 
sphere). The genus-zero three-point function is evaluated easily in the Landau- 
Ginzburg theory as 

,,,,\ I A (f>i(x,t)(f) j (x,t)(l) £ (x,t) 

(0,0,-0,) = j> dx . (28) 

Let us now generalize the range of i in (23) and define the n-th gravitational 
descendant of the primary field 0j by 

a n (<Pi) = N n 4L^ k+2 ^d x L]+ , i = 0,l,...,fc, n = 0,l,..- 

_i (29) 
N n ,i = ({i + l)(i + l + k + 2)---(i + l + (n-l)(k + 2))) , (N ,i = l). 

It turns out that these are the fields coupled to the higher-order flows of the KdV 
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hierarchy. We note an identity 



= N n 4V +1 +^ k +^d x W] + 
The first term in (30) is equal to 



X 

W 



'(x) J <7„_i(&) (31) 



while the second term has a degree less than k + 1 in x and hence is expanded into 
a sum of primary fields N nji [[L i+1+{ - n - 1 ^ k+2 ^-W'] + = £?=o c *&- Coefficients c e 
are determined by evaluating {cr n (<j>i)P<j>j) = ^ceifiefijP) — J2 c £V£,j- Thus 



n - N 

= N n ,ij dxV+^-^+zUj 



(32) 

= N Uji j> dxV+^+^djL 
= N n+1 , A re8 [L i + 1 +»(*+ 2 )] . 

iV n+ i )i res[L i + 1+ri ( fc + 2 )] is the Gelfand-Dikii potential R Uyi of the KdV hierarchy 
[14] . Hence we obtain a basic formula for the gravitational descendants 



x k 

/ d 
(Tn-M + J2-nr R ^k-£ • (33) 

(33) obeys Saito's recursion relation [13] 



&n(4>i 



' =<7n-l(&)- (34) 



w 

We first note that our formula for gravitational descendants (33) contains 
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primary-field components and differs from Losev's expression 



(%{<l> i )=W'(x) J dx n W'{x n ) J dx n ^W'(x n ^)--- J dx x <f>i{x x ) . (35) 

Being proportional to W' (35) decouples from the all three-point functions and 
hence can not be a scaling field coupled to the higher-order KdV flow. 



d_ 

also find 



By integrating over tg an expectation value of (33), (<r n (0j)P0^) = -*pj-Rn,u we 



(<7„(&)P) = . (36) 

(36) gives the standard identification of the Gelfand-Dikii potentials in terms of 
the two-point function of scaling operators [15] [16] [17]. 

Let us now recall the BRST transformation laws of the topological LG theory 

[9] 

Sx = 0, 5x* = ^+ 

,tyr = 2^-, 5i> + = (37) 
ax 

$Xz = -dx, 5xi = -dx 

(37) leaves the Lagrangian 

£ = dxdx* + Xzd^i + Xzd^R 

.dW. 2 , , d 2 W d 2 W (38) 

ox ox ox 

invariant (^ ± = ipi± up to a total derivative. Thus the piece proportional to 
W in (33) is BRST-exact 

X X 

W'(x) J <r n -i(<j>i)(y)dy = ^Q{^~ J <7„_i(&)(j/)<fy) (39) 

and would decouple in a pure matter theory. In the presence of gravity, however, 
one has to examine the equivariance condition. Using the representation G = 
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Xzdx*, one finds 



X 

(6o + Go)-(^ _ J <7„_i(&)) =-2 < r n _i(0 i )^O. (40) 

Thus the BRST-exact term is non-trivial after coupling to gravity and the de- 
scendant states become independent physical observables. The importance of the 
equivariance condition has been emphasized by Dijkgraaf [5]. 

We note that in the critical limit with t{ — (i — 0, • • • , k), ci(-P) = W(x)'x 
and thus 

MP) + 70 = \Qs{iP~x + {dc + cd<\> -dc- 6B<j>)). (41) 

We find 

(6o + G y {ip~x + (dc + cd(j) -dc- cdfy) = -2 + 2 = 0. (42) 

Therefore cri(P) = —70 in the equivariant cohomology. 

We now turn to the correlation functions and will present some sample calcu- 
lations. First of all by repeating the derivation of (25) we find that the formula is 
valid also for the gravitational descendants 




By putting j = in (43) we obtain an alternate form of the recursion relation (34) 

d 

-xrMfa) = <7n-i(&)- (44) 
dto 

(44) directly leads to the puncture equation [17] for correlation functions. For 
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instance, in the case of a 3-point function we have 



d 

d t, ff m (0i(x))a W2 (0j(x))a n3 (0i(x)) 
~df f dX W{x) (45) 

= (a ni -i((f)i)a n2 ((f)j)a n:i ((f)£)) + {<j ni (<t)i)<j n2 -i(<t)j)<7 nz {<t)i)) 

+ (a ni ((f)i)a n2 ((f)j)a n3 -i((f)£)) . 

By combining the puncture equation with (36) we find a formula for the 1-point 
function on the sphere 

(&n((/>i)) = Rn+l,i 

= iV n+2 , l res(L^+ 1 )( fc + 2 )+ l + 1 ) . (46) 

This is the generalization of a known result [10] 



UA = -res(L fc+i+3 ) . (47) 



By using our representation (33) of the gravitational descendants and (46) we 
also find 

k d 

(<J n {<t>i)<t>j<t>m) = ^2-7—Rn,i((pk-£(pj(pm) 

l< d 



= nr( a n-l(0i))(0fc-£0j0m) (48) 

k 

= ^2(<7n-l(<f>i)<f>e){<f> e <l>j<l>m) ■ 
1=0 

This is the topological recursion relation of Witten [18]. 

By differentiating a 3-point function with respect to the parameters of the small 
phase space t m (m — 0, 1, . . . , k) we obtain a 4-point function with an insertion of 
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(2) 

a 2-form operator (pin . Using (25) we have 



W 



S 

Mj(T n {(j>i)(j>' m (49) 
ax W' 2 

+ j> dx^}{c((l) m , 4>()(t>j(Jn{<t>i) + c(0m, <frj)<frlCTn(<fri) + c(0m, CFn{<t>i))<t>i<t>j} • 

In the extreme right-hand-side of (49) the 2nd terms are interpreted as the con- 

(2) 

tact terms [3] which arise when the position of the 2-form operator <fy m collides 
with those of the other fields. A contact term in fact describes the change of the 
scaling fields fa = diW (wave-function renormalization) due to the variation of the 
superpotential under perturbation. We have explicitly checked the validity of (49) 
by evaluating the contour integrals. 

It is known [10] that a 4-point function has a common value irrespective of 
which 3 of the 4 operators are chosen to be the 0-form (and the remaining one to 
be a 2-form). Thus (49) must be equal to, for instance, (4>g,4>j4> m Js^n (4>i))- We 
can check that the right-hand-side of (49) is in fact symmetric in <f>£, <f>j, m and 
a n (<f>i) [3]. Thus 

( 2 )(A\\- I A ( f ) £ ( f ) 3 ( } ) rn(7n((f>i)' 



{<Pe<Pj<Pm / <*n {(Pi)) = ~ f dx wi2 

S 

+ j> dx^{c(<T n ((f)i), <pe)(pj(p m + c(a n ((j>i), (pj)(p£(pr. 
+ c(a n ((f)i),(/) m )(f)£(f)j} . 



(50) 



(50) formally has the same structure as (49). 

In this paper we confined ourselves to the small-phase space of two-dimensional 
gravity. It will be interesting to see if the Landau-Ginzburg formulation could han- 
dle the large-phase space with non- vanishing coupling constants to the gravitational 
descendants. 
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A field theoretic derivation of the structure of the contact term (26) may be 
given along the lines of [1,19] and will be discussed elsewhere. 

The research of T.E. and S.K.Y. is partly supported by the Grant-in-Aid for 
Scientific Research on Priority Area "Infinite Analysis". 
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